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ABSTRACT: A monopole with double sleeves, which consists of a resonant loading and a
conventional sleeve monopole, is experimentally investigated. The loaded monopole is put
vertically in a parallel-plate waveguide and driven by a coaxial feeder. The new structure
exhibits a remarkably broad impedance bandwidth. In this paper, a modal expansion
technique is used to numerically evaluate the impedance characteristics of the monopole by
modeling the fields between the plates using cylindrical harmonic functions. A Fourier
least-square integration is applied to finding the expansion coefficients by the boundary and
continuity conditions. Prior to modeling the proposed sleeve monopole, the developed
analysis scheme is examined for its convergence and accuracy. Calculated results are
validated by the measurements. For the optimum design at 5.8 Ghz, we investigate the
effects of the structure parameters on the impedance characteristics. © 2001 John Wiley &
Sons, Inc. Int J RF and Microwave CAE 11: 86-98, 2001.
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I. INTRODUCTION transmission line systems such as rectangular or
parallel-plate waveguides [6—12]. As a feeder, the
monopole is used as an antenna feeding network

or a radial signal dividing—combining network of

Due to their merits, such as geometrical simplic-
ity and cost-effectiveness, the coaxially fed

monopoles have been widely used in a large vari-
ety of microwave devices and communication an-
tennas. Basically, a monopole can provide a rea-
sonably good impedance match between a coaxial
line and a parallel-plate waveguide over a certain
frequency range. In this regard, a monopole may
be used as either an adapter or a feeder to a
waveguide, and this engineering application has
been studied for a number of years [1-12].

As an adapter, the coaxially fed monopole
transfers the power from a coaxial line to other
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power amplifiers. Typically, it has been used in
the design of direct broadcast satellite (DBS)
planar receiving antennas and modified to satisfy
some special needs in the designs [13-17]. Tt is
also used in the designs of omnidirectional anten-
nas or arrays in the communication systems. Usu-
ally, a linear monopole in its basic form suffers
from a very limited impedance bandwidth. Thus,
various loading techniques were proposed to en-
hance the bandwidth performance, including
dielectric coatings [18], attached dielectric res-
onators [19-21], and disc-ended or top-hat struc-
tures [2, 9, 22, 23]. Alternative schemes have been
developed on the basis of leaky-mode aperture-
coupled dielectric resonators [24, 25] or radiating



dielectric resonators [26]. More recently, a type of
sleeve monopole integrated into a parallel-plate
waveguide has been proposed to enlarge the
impedance bandwidth, and this monopole com-
prises a resonant loading and a conventional
sleeve geometry vertically located in a parallel-
plate waveguide [27, 28].

Basically, the sleeve monopole is a modified
version of a simple monopole with an extended
outer conductor of the coaxial line by about a
quarter axial wavelength of the line. The ex-
tended outer conductor is grounded and the
cylindrical aperture operates as a radiator, whose
maximum radiation is normal to the axis of the
stem. It may be easy to obtain a good match
between the monopole and coaxial line by ade-
quately adjusting the sleeve length. Nevertheless,
the sleeve monopole, similar to a linear monopole
antenna, may have a broad bandwidth only for
radiation pattern and not for input impedance
[29]. Tt is difficult to overcome this inherent limi-
tation resulting from a frequency-sensitive geom-
etry. To remedy this problem, a second sleeve as
a resonant loading has been used, coaxially lo-
cated at the top of a conventional sleeve
monopole. The additional sleeve generates para-
sitic resonance that can be used to tune and to
broaden the impedance bandwidth. Therefore, a
remarkably broad impedance bandwidth has been
readily achieved by carefully designing the sleeve
lengths. This performance has been improved
without deteriorating other electrical characteris-
tics. This structure also maintains the technical
merits of a conventional monopole such as low
cost and easy realizability with high modal purity.

A modal expansion technique similar to [23,
30-33] was extended to investigate the sleeve
monopole. Geometrical parameters are rigorously
considered in the model. These include end ef-
fects of the monopole, finite thickness of the
sleeves, and dielectric jacket of the connector (for
example, a commercial surface mount adapter
(SMA) can be modeled). To begin with, the re-
gion of interest between the parallel plates is
divided into four subregions. Electric and mag-
netic field components are formulated for each of
the four subregions subject to the boundary con-
ditions. Application of the boundary and continu-
ity conditions for the field equations determines
the expansion coefficients via a Fourier least-
square integration. Subsequently, the fields in the
parallel plates and the induced currents on the
monopole can be calculated. Therefore, the criti-
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cal design parameters such as input impedance
and return loss can be obtained numerically. This
analysis is validated by comparing results re-
ported in [30] as well as our own experiments for
a 5.8 GHz ISM-band (industrial, scientific, and
medical) design. On the ground of the 5.8 GHz
ISM design, we numerically conducted the para-
metric study on the impedance characteristics of
the sleeve monopole.

Il. THEORY AND FORMULATION

The configuration of the 5.8 GHz ISM design and
a cylindrical coordinate system (p, ¢, z) are
shown in Figure 1. The optimized dimensions for
the design are given here. The spacing of the
parallel plates is & (= 47 mm) and the length of
the inner cylindrical conductor ! (= 21.9 mm).
The radii of the probe and the dielectric jacket
are denoted by r (=2.057 mm) and a (=
0.635 mm), respectively. b (= 11.8 mm) and w
(= 17.0 mm) stand for the lengths of two metallic
sleeves while ¢ (= 0.28 mm) is the thickness of
the two sleeves. The whole structure is parti-
tioned into four subregions marked by dielectric
constants &, with n =1,2,3,4 (g, = ¢,,8)),
where ¢, =¢,;=¢,=10 and ¢, =2.08. A
small source region having its height d is desig-
nated with uniform electric field and its constant
voltage source is V|. Similar to the analytical
procedure in [30], a modal expansion technique is
developed to formulate the structure. This proce-
dure is recapitulated and essential field equations
are derived for the sake of convenience.

Ground Plane #

Figure 1. Geometrical description and physical nota-
tion of the proposed double-sleeve monopole housed in
a parallel-plate waveguide.
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A. Field Formulation

The four subregions of interest are in fact
bounded by three cylindrical surfaces, namely,
p =a,r, and R, respectively. Electric and mag-
netic fields in each subregion can be formulated
in terms of an electric type (TM*) Hertz potential
[32]. The ground plates, the top of the monopole,
and the ends of two sleeves are subject to the
perfect electric conducting (PEC) condition. Fi-
nite-series or truncated modal field expansions
are developed as follows by considering the
boundary conditions.

Within subregion I (p<a and [ <z <h)
above the top of the stem, we have

Ny
EZI( P> Z) =< Z alnkpzln‘]()(kpln p)
JWEqEg Ky =
niw
X cos| —(z — l)],
q
(D
Ny
H(ﬁlm(p9z) = Z alnkpln‘ll(kpln p)
Mo n—o
nw
X cos| —(z — l)},
q

in which k? = g,k?, ki = w’omy, q=h—1,
and

ko = £k = (nm/q)’

Vit = (nm/q)
—j\/(mr/q)2 -k} k, < (nm/q).

k, > (nm/q),

Inside subregion II (dielectric jacket) with r > p
> a and 0 < z < h, the fields are given by
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with k3 = &,,k; and

ko = +VK3 = (nm/h)

VE = (um/n) ks = (nm/h),

i = k2 ky < e/,

Over the aperture of the sleeve (region III)
with r < p <R and b <z < (b + ), the fields
are
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where k7 = &,,k? and

ks, = i\/k32 — (nm/s)
\/k§ — (nm/s)’ ky > (nm/s),
—j\/(nvr/S)2 — ki ky<(nm/s).

The remaining radial unbounded subregion IV
(p =R and 0 <z < h) is characterized by
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with k7 = gk} and

pin = £VK2 = (nm/h)?

=~
I

VEz = (/)
—j\/(mr/h)2 -k, k,<(nm/h).

ky > (nm/h),

In the above equations, J, (-), N, (-), and H?(-)
are, respectively, Bessel functions of the first kind
and the second kind, and Hankel function of the
second kind, having the order m = 0 or 1.

B. Solutions for Coefficients of
Field Expansions

To determine the coefficients of field expansions,
the remaining boundary and continuity conditions
in connection with the tangential fields should be
fulfilled. Usual field Fourier matching technique
is applied by integration over the boundaries and
interfaces of the region. The procedure, in which
the equations (A1)—(A4) for the unknown expan-
sion coefficients are built up, is given in the
Appendix.

Thus, combining the above linear equation egs.
(A1)—(A4) leads to a complex matrix system (5) of
order N, =2 X N, + 2 X N;, which is readily
solved for the expansion coefficient a,,, b,,, as,,
and b,,. Then

[Z11]N2><N2 [Z|2]N2><N2 [0]N2><N3 [O]NZXNS
(Zodnxn, [Zoo]ngxn, [Zoslngxn, [Zoa]n <,

[Z51]nyxn, [Z3y 1w, xn, [Zasngsony [Zag]n,xn,

[0]N3><N2 [0]N3><N2 [Z43]N3><N3 [Z44]N3><N3
[az]sz
[by]n,x1
[613]N3><1 _[VO]N‘XP ®
[D3]n,x1

C. Induced Currents on Monopole

Once the coefficients a,, and b,, become known,
it can be straightforward to obtain the induced
currents on the monopole through the relation-
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ship 1(z) = 2wal = 2waH,'(a, 2), such that,

I(z) = 2maH,'(a, z)

2ma M
= w Z kp2n[a2n‘]l(kp2n p)
0 n=0

ni

by Nk, p)]cos(Tz). ©)

In addition, the input impedance can readily be
evaluated by using Z;, = V,/I(0) from eq. (6).
Then, the return loss of the input coaxial line can
directly be calculated.

The convergence of a numerical solution is
normally related to a sufficient number of modes
used in calculations. A good choice of the trun-
cated numbers N;, N,, N;, and N, in our model
closely depends on dimensions of the structure.
As shown in Section IV, some criteria suggested
in [30, 31] and convergence characteristics will be
discussed with numerical calculations.

lll. A 5.8 GHz ISM-BAND DESIGN

Some features of the proposed sleeve monopole
structure will be shown with an engineering de-
sign for 5.8 GHz ISM-band applications. To begin
with, a monopole structure is modeled numeri-
cally and its parameters are tuned back-and-forth
and optimized such that a satisfactory impedance
match is obtained at the operating frequency with
a possible broad bandwidth. Subsequently, the
monopole is designed and fabricated using an
SMA connector with a long thin dielectric (Teflon)
jacket and also a metallic tape sticking on a
support (dielectric jacket). A coaxial line of 50 )
is used as a feeder. Two electrically large circular
conducting plates with diameters larger than 6A,
are used to form an approximate radial parallel-
plate waveguide. The lower sleeve is electrically
connected to the bottom plate while the other is
attached to the upper plate. The dielectric jacket
is short-circuited at its ends by the plates.
Generally speaking, the structure can certainly
be optimized for a particularly desired perfor-
mance by adequately adjusting its parametric di-
mensions. In this design, a large impedance band-
width with the possible best match characteristics
at 5.8 GHz is expected. With the SMA connector,
the design freedom remains in changing the size
of the sleeves and the spacing between the paral-
lel plates. Our simulation has shown the possibil-
ity of achieving the design goal. In fact, this
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consideration also simplifies the design proce-
dure. Some design rules and features will be
suggested and discussed in Section IV on the
basis of the parametric study.

IV. RESULTS AND DISCUSSION

A. Model Validation

Since the convergence is important for the techni-
cal merit of the modeling technique used in this
work, a special discussion is made in this section.
With reference to the criteria suggested in [30,
31], we carry out numerical experiments to assess
the accuracy of the model and also to determine
the adequate number of modal expansions.

In the following, only one of the four expan-
sion numbers is changed while the others are
fixed in accordance with the criteria [30, 31].
Figure 2 shows the calculated input impedance
against those numbers. Compared with the exper-
iments for N, and N;, N;-, and N,-related results
present a more rapid convergence. This is similar
to what happens in the case of modeling a wave-
guide with a fin. To a large extent, it is because
the modal solutions to Bessel’s equations in sub-
region I or IV involve J,,(kp) or HP(kp) for a
real wave number k, respectively. In subregion 11
or III, modal behaviors, however, are described
by a linear combination of J, () and N,(-) or
H(-) and HP(-). For an imaginary wave num-
ber k, they become the modified Bessel functions.
This leads to a certain high-degree of complexity
in the calculations. Potential numerical errors
become nonnegligible and they may even exceed
contributions from higher order modes. There-

100
i N
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7 input resistance || -----

é 50 '/:/;—'61 ....... N,

g : N,

N5t | -
/( input reactance

07

0 30 60 90 120
N
Figure 2. Convergence properties of the developed
modal expansion algorithm in connection with the
truncated numbers of modal expansion.

fore, it is recommended to use a limited number
of modes in the modeling although results are in
principle more accurate with more modes. In
other words, to have enough modes not only
satisfies convergence requirements but also en-
sures an algorithmic stability with excellent accu-
racy. In our following calculations, a trade-off is
considered between modeling accuracy and com-
putational time. The number of expansion terms
N = 60 or a little bit larger are used in this work.
The CPU time at each frequency point is about
3 s on a PC Pentium III (700 MHz).

To validate our model, two examples, namely,
a simple monopole (w = 0, b = 0, ¢,, = 1.0, and
h =2.12,) and a conventional sleeve antenna
(w—0, g,=10, b=0251,, and h = 2.11,)
were selected for comparison of the experimental
and modeling results given in [30, 31], respec-
tively. Good agreements between them were
found. Furthermore, a sleeve monopole at
5.8 GHz was designed and fabricated. The calcu-
lated and measured input impedances and return
loss |S;| as shown in Figure 3 agreed quite well
over 4-8 GHz.

It may sometimes be useful to use the input
impedance together with the return loss |S;,| even
though the two parameters can be derived from
each other. The input impedance shows the fre-
quency response of impedance clearly, from which
one can know the possible resonance. The return
loss |5, ] displays the matching condition directly,
useful to the antenna design. Note that to sim-
plify our reading of figures, from now on solid
lines in the following figures are always used as
“reference” or “standard,” which has the opti-
mized dimensions.

B. Design Results

A resonant frequency for parallel-type resonance
is usually identified by a peak value of the input
resistance. As can be seen from Figure 3(a),
two parallel-type resonant frequencies f,,
(=5.02 GHz) and f,, (= 7.06 GHz) co-exist.
Figure 3(b) shows that this structure provides a
broad impedance bandwidth with a good match
performance over a 5.32-7.72 GHz range (for
[S;;] < —10 dB). In this design, the minimum
point (—33.0 dB) of |S,| appears at 5.8 GHz.
The second lowest point of |S;,| (—=27.9 dB) is
located at 7.35 GHz. Within a 5.8-7.35 GHz
range, |Sy;| is always lower than —11.4 dB at
6.63 GHz.
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Figure 3. Comparison of calculated and measured
results of our 5.8 GHz monopole example. (a) Input
impedance Z,; and (b) return loss |S,|.

m?

Such a resonance behavior can simply be ex-
plained by circuit theory. It is known that there is
a series-type resonance between the two parallel-
type resonant frequencies. In our case, one para-
sitic parallel-type resonance is caused by a reso-
nant loading, which occurs nearby the resonance
due to the conventional sleeve monopole. Induc-
tive reactance of the series-type resonance is ef-
fectively cancelled out by the capacitive reactance
of the parasitic resonance when the latter moves
close to the resonance at f,;. Similarly, driving
two neighboring parallel-type resonances closely
leads to a partial cancellation of the reactance
and then the resistance will be effectively in-
creased, which takes place between the parallel-
type resonance modes. This is why we can intro-
duce a new mode near the operating mode or the
shift of a neighboring mode adjacent to the oper-
ating mode in broadening the impedance band-
width. It is also manifest that this proposed sleeve
monopole operates within the range of //A, =
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0.39 ~ 0.56 that differs from a quarter wave-
length operating principle of the conventional
monopole above the ground plane [34, 35]. With
consideration of the dielectric coating effect
(&,, = 2.08 for Teflon), the approximate operat-
ing range of //A, falls into 0.54 ~ 0.81.

C. Second Sleeve

As the second sleeve is the important element in
this design, it is necessary to examine the effects
of its parameters and spacing g on the character-
istics of the monopole. Figure 4 shows the numer-
ical results vs. frequency in the presence of the
second sleeve with a different length w. Two
interesting phenomena can be observed in Fig-
ure 4(a). First, the decrease of its length w from
17.0 to 16.25 mm hardly makes frequency f,; vary
but frequency f,, shifts upward slightly and the

180
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120 1 a 48 Y , N w=16.50 mm
i RN PRS-
2 [T T
g 90 A W=17.00 mm
=
g | {w=17.50 mm
£ I
N w=17.75 mm
(a)
p—
S Ww=16.25 mm

- emenrsenoned | memem
.

s :.?.'..'.f',"’;/. Ww=16.50 mm

NN
N
L ¢
-10 N
9 Ww=17.00 mm

Ww=17.50 mm

w=17.75 mm

Si (dB)
S
«-""‘“’—--’. =
]

4 5 6 7 8
Frequency (GHz)
b

Figure 4. Calculated frequency responses of the pro-
posed monopole for different length w of the second

sleeve with (a) input impedance Z;, and (b) return loss
A
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value of the second peak resistance R;,,.., be-
comes small. Second, the extension of the second
sleeve from 17.0 to 17.75 mm leads to a slight
increase of the frequency f,; while the frequency
f,» goes down and the peak value of R; ., Tises
quickly, as opposed to the first scenario. It indi-
cates the fact that the increase of the peak value
of Ry ., stems from a high Q value of the
resonant loading as the length w is extended. In
the simulation, the spacing g is always fixed. In
Figure 4(b), it is found that the influence of the
length w on the impedance matching condition is
significant. After checking Figure 4(a) and (b), it
is reasonable to say that the first resonance is due
to the conventional sleeve monopole and the
second resonance is from the parasitic sleeve.
Therefore, the second sleeve serves as not only a
separate sleeve monopole-fed resonator with the
resonant frequency f,, but also a resonant load-
ing of the sleeve monopole that affects the oper-
ating frequency f,;. A modeling for a special case,
namely, the monopole without the second sleeve,
shows that the second resonance gradually disap-
pears as the length w tends to be zero.

Figure 5 displays the frequency responses of
the input impedance and |S,| as a function of the
spacing ¢g. It can be seen that increasing the
spacing g pushes the frequency f,, up, however,
the frequency f,; remains almost intact. Both of
the resistance peak values increase for the small
spacing g. The same reason as that for the length
w is applied in this case. More precisely, the
second parallel-type resonance is caused by the
parasitic sleeve. On the other hand, increasing
the spacing g results in a reduction in the ratio of
the dielectric resonator radius to the height, which
usually leads to the increases in resonant fre-
quency. This implies that the size of the jacket
and the length w significantly affect characteris-
tics of the second sleeve, which can be considered
as part of the dielectric jacket, indeed.

With the understanding of the role of the
second sleeve in the structure, we are able to
explain the effects of the radius r of the sleeve on
the characteristics, as illustrated in Figure 6. In a
similar way, one can find that the effects of the
radius r on two resonance conditions are differ-
ent. With reference to the first resonance, the
input resistance quickly becomes large as the
radius r increases from 1.81 to 2.21 mm, as plot-
ted in Figure 6(a). Figure 6(b) also shows that the
minimum of [S;;| has a slight deviation from
5.8 GHz. As for the second resonance, the peak
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10 \"‘.\ R ;f ¢=24.60 mm

\z T =N OIS
- L \ . '-‘\\ i q=25.10 mm
) ; —
B 20 A/ ¢=25.60 mm
& R
| \ V ¢=26.10 mm

4 5 6 7 8
Frequency (GHz)
(b)
Figure 5. Calculated input impedance and return loss

properties of the proposed monopole for different
spacing q.

value of R, ..., changes a little bit whereas a
different resonant frequency is generated for a
different radius. It is not really surprising to see
in Figure 6(b) that the impedance match perfor-
mance can greatly be affected by choosing a dif-
ferent radius. This is because the increase of
radius r implies the increase in the ratio of the
dielectric resonator radius to the height as dis-
cussed above.

D. Other Parametric Effects

Now, let us take a close look at other parametric
effects on the characteristics of the sleeve
monopole. The frequency responses of the input
impedance and |S,| are gathered in Figure 7 for
a different sleeve length b. In fact, the effect of
the length b on two resonant frequencies looks
quite similar. Obviously, the shorter the length b
is, the higher the resonant frequency becomes.
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Figure 6. Parametric influence of the outer radius of
the dielectric jacket r on the frequency response of the
input impedance and return loss for the monopole
example.

From Figure 7(b), it is found that the expected
matching condition is easily achieved by adjusting
the length b. Similar to the conventional
monopole radiating into the half free space, the
monopole size in this work is still a key factor.
Figure 8 displays the frequency-dependent curves
as a function of the stub length L (=1 —b).
Interestingly, the monopole manifests a similar
behavior as the original and its impedance perfor-
mance is improved using the resonant loading.
Basically, the coupling between the loading and
the monopole depends on the length L, especially
with fixed spacing /# and length w.

Figure 9 shows the impedance characteristics
vs. the sleeve thickness ¢. It is seen that the
thickness ¢ has a slight impact on the input
impedance. Nevertheless, a good impedance
match can be achieved by adequately adjusting
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Figure 7. Input impedance and return loss character-
istics of the monopole example vs. different lower
sleeve length b.

the thickness ¢. As a matter of fact, a thin sleeve
has a wider bandwidth as well as a better match
than a thick sleeve. If the gap between two sleeves
is considered as an aperture from which the
monopole radiates into the parallel-plate wave-
guide, a thin sleeve is beneficial to increase the
radiation efficiency [36, 37]. Therefore, a thin
metal cover is always suggested in the design.
The calculated results related to the dielectric
jackets with different dielectric constant &,, are
shown in Figure 10. The strong effects of parame-
ter g, on the input impedance and |S,| are
exhibited even though in a standard structure
parameter &,, is around 2. In this analysis, the
other dielectric constants 1.56 and 2.86 are taken
into account. Figure 10(b) demonstrates how im-
portant an accurate characterization of the di-
electric constants is. Judging from Figure 10(b),
we may guess that the true relative dielectric
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Figure 8. Calculated characteristics of the monopole
example as a function of different probe length /.

constant of the jacket in our prototype be slightly
less than 2.08 used in the calculations. In this
design, the dielectric jacket serves as not only a
stem coating but also a resonant loading related
to the second sleeve, which naturally yields a
significant impact on the electrical characteristics
of the sleeve monopole. In the case of a constant
length w, the second resonance is nearly negligi-
ble as ¢,, is equal to 1. Eventually, the dielectric
jacket can be effectively used to guide waves from
the sleeve monopole to the second sleeve.

V. CONCLUSIONS

The characteristics of the double-sleeve monopole
in a parallel-plate waveguide have been numeri-
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Figure 9. Frequency response behavior of the
monopole example with different sleeve thickness ¢.

cally analyzed using a modal expansion modeling
technique. On the ground of a design example of
5.8 GHz ISM-band application, the parametrical
study has been performed and the effects of the
geometrical and electric parameters on the input
impedance and bandwidth of the monopole have
been examined. The study has demonstrated that
the impedance performance of the monopole with
the double-sleeve can be effectively improved by
introducing the second sleeve operating as a par-
asitic resonant loading and strongly controlled by
its geometrical and electric parameters. More-
over, with the attractive merits of remarkably
broad bandwidth, simple structure, pure polariza-
tion, and low cost, the double-sleeve monopole
has promising applications in the designs of
broadband adapters and feeders for microwave
circuits and antennas.
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Figure 10. Curve plots of calculated input impedance

and return loss for the monopole example with differ-
ent dielectric constant &,,.

APPENDIX

At the interface of subregions I and II, the PEC
condition for electric fields (on the surface of the
monopole) and the continuity condition for both
electric and magnetic fields (on the remaining
aperture) should be satisfied. As for the source
region, a uniform field was assumed, that is,
EM(p,z) = —V,/d for 0 < z < d. Therefore, the
following equation can be set up.

N2
)y Aon, kp2n2J1(kp2n2a)
n,=0

a)T(Z) T

plng m,ni ny,nyg

e 0 (k,, a)I*)

plny niny

Moo Tk
XZ plnY 0

n=0

a)ID§

p2m p2m nm“m,n,

r2

1
—— k2, (K
&
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N,
+ Z b2n2 kpZnZNl(kpana)
n,=0

2 2
kplnIJO(kplnla)Tn(I,)an;fz,)nl
e J,(k

Nl
X X

n;=0

a)1(4)

plny ning

1
— 2 a
e kpZmNO(kpZma)Inm) 8m,n21

r2
| 4
= jwey o i (AD)
with
d mar
G — i
I /o cos( W z) dz
d for m = 0,
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—s1n( ) for m # 0,
mir h
n
TP, = fh cos[—(z - Z)}cos(—z) dz
1
q form =n =0,
mir
m h _(mmq
(=D — — 2sm( p )
- ()
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nw mir
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I q q

0 form #n,
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f cosz[—(z—l)} dz
l q
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Similarly, the remaining equations for calculating
the expansion coefficients are derived. Over the
interface of subregions II and III, they are given
by

1
8_k32m[a2m‘]0(kp2mr) + b2mNO(kp2mr)] Irslnz
r2
1N
=— ) k[%3n3[ap3n3‘]0(kp3n3r)
€r3 n3=0
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m,n3’
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NZ

= kpZnZ[a2n2‘]l(kp2nzr)

n,=0

+ bZnZNl(kpanr)] 7:1(,1})11?

in which
ni mar
I = oh cos(Tz)cos(Tz) dz

0 form # n,

h 2 mar )

—z|d
_ cos ( W z|dz

_|h form =n =0,
" \h/2 form=n=+0,

s nir mir

TO = /b+ cos[—(z - b)]cos(—z) dz
’ b N h
s form =n =0,
mar
h

ST

(-p"" sin(

X

otherwise,

mmw
) + sin(
h

r)]I,Ef),

(A3)

mmb

]

s n m
IG) = / +hCOS[T7T(z - b)]cos[Tﬂ-(z - b)] dz

b

0 form # n,

s mi
f +bcosz[—(z - b)] dz
b s

for m
for m =

b

o O

n
n

ol

s
T ls/2

Over the interface of subregion III and IV, the

characteristic equation is obtained as
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