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Abstract—In this brief, adaptive neural control is presented
for a class of output feedback nonlinear systems in the presence
of unknown functions. The unknown functions are handled
via on-line neural network (NN) control using only output
measurements. A barrier Lyapunov function (BLF) is introduced
to address two open and challenging problems in the neuro-
control area: 1) for any initial compact set, how to determine
a priori the compact superset, on which NN approximation
is valid; and 2) how to ensure that the arguments of the
unknown functions remain within the specified compact superset.
By ensuring boundedness of the BLF, we actively constrain the
argument of the unknown functions to remain within a compact
superset such that the NN approximation conditions hold. The
semiglobal boundedness of all closed-loop signals is ensured,
and the tracking error converges to a neighborhood of zero.
Simulation results demonstrate the effectiveness of the proposed
approach.

Index Terms—Barrier function, neural networks (NNs), output
feedback nonlinear systems, unknown functions.

I. Introduction

Since the seminal work [15], great progress has been wit-
nessed in neural network (NN) control of nonlinear systems,
which has evolved to become a well-established technique in
advanced adaptive control. Adaptive NN control approaches
based on Lyapunov’s stability theory has been investigated
for nonlinear systems with matching [1], [4], [14], [21], and
nonmatching conditions [18], [19], as well as systems with
output feedback requirement [2], [10], [11], [22], [23]. The
main trend in recent neural control research is to integrate
NN, including multilayer networks [14], radial basis function
networks [21], and recurrent ones [20], with main nonlinear
control design methodologies. Such integration significantly
enhances the capability of control methods in handling many
practical systems that are characterized by nonlinearity, uncer-
tainty, and complexity [5], [7], [13].
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It is well known that NN approximation-based control relies
on universal approximation property in a compact set in order
to approximate unknown nonlinearities in the plant dynamics.
For any initial compact set �0, as long as the arguments
of the unknown function start from �0 and remain within a
compact superset �, as shown in Fig. 1 [8], NN approximation
is valid.

Therefore, how to determine a priori the compact superset
� and how to ensure the arguments of the unknown func-
tion remain within the compact superset �, are two open
and challenging problems in the neuro-control area [2]. One
method of ensuring that the NN approximation condition holds
is by careful selection of the control parameters, via rigorous
transient performance analysis, so that the system states do
not transgress the compact superset of approximation � [6],
[8], but the compact superset � is only given qualitatively, not
quantitively. Another method is to rely on sliding mode control
operating in parallel to the approximation-based control, such
that the compact superset � is rendered positively invariant
[5], [27]. The compact superset � can be specified a priori,
but there exist some implementation issues, such as the fixed-
point problem in the input signal.

Recently, the design of barrier functions in Lyapunov syn-
thesis has been proposed for constraint handling in Brunovsky-
type systems [16], nonlinear systems in strict feedback form
[25], and electrostatic microactuators [24]. Unlike conven-
tional Lyapunov functions, which are well-defined over the
entire domain and radially unbounded for global stability, a
barrier Lyapunov function (BLF) possesses the special prop-
erty of approaching infinity whenever its arguments approach
some limits. By ensuring boundedness of the BLF along the
system trajectories, transgression of constraints is prevented.
We note that the BLF-based control design methodology
appears very promising in providing yet another means of
tackling the NN approximation-based control problems, by
actively constraining the states of the system to remain within
the compact set of approximation.

In this brief, we present adaptive neural control for a class of
output feedback nonlinear systems subject to function uncer-
tainties. The unknown functions are compensated for via on-
line NN function approximation using only output measure-
ments. To address two important neural control concerns men-
tioned above, the BLF is incorporated into Lyapunov synthesis
by following the constructive procedures of adaptive observer
backstepping design [12]. First, for any initial compact set �0

where the argument of the unknown function belongs to, we
can always construct an a priori compact superset �. Second,
by ensuring the boundedness of the BLF, we guarantee that the
argument of the unknown function remains within the compact
superset �, on which the NN approximation is valid. Then,
the stable output tracking with guaranteed performance bounds
can be achieved in the semi-global sense.
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Fig. 1. Compact sets for NN approximation [8].

II. Problem Formulation and Preliminaries

A. Problem Formulation

Consider a class of output feedback nonlinear systems
described by

ẋ1 = x2 + f 0
1 (y) + f1(y) + d1(t)

...

ẋρ−1 = xρ + f 0
ρ−1(y) + fρ−1(y) + dρ−1(t)

ẋρ = xρ+1 + f 0
ρ (y) + fρ(y) + dρ(t) + bmu

...

ẋn−1 = xn + f 0
n−1(y) + fn−1(y) + dn−1(t) + b1u

ẋn = f 0
n (y) + fn(y) + dn(t) + b0u

y = x1 (1)

where x1, . . . , xn are system states, y and u are the output
and input, respectively; f 0

i (y), i = 1, . . . , n are known smooth
functions, which represent nominal parts of the plant and may
be available using some prior physical or expert information
(f 0
i (y) = 0 if no prior knowledge of the nonlinearity); fi(y),

i = 1, . . . , n are unknown smooth functions, which represent
model uncertainties due to modeling errors or unmodeled
dynamics; di(t) are bounded time-varying disturbances with
unknown constant bounds; bm, . . . , b0 are uncertain constant
parameters.

Remark 1: Several cases when fi(y) in (1) satisfy the
linear-in-the-parameters (LIP) condition have been intensively
investigated in [3], [12], [26]. When uncertain fi(y) do not
satisfy LIP condition, adaptive observer backstepping control
using NNs has been presented in [2], without addressing the
two open and challenging problems in the neuro-control area
mentioned in Section I.

Assumption 1: The unknown disturbance di(t) satisfies
|di(t)| ≤ d̄i, where d̄i is an unknown constant.

Assumption 2: The sign of bm is known.
Assumption 3: The relative degree ρ = n − m is known

and the system is minimum phase, i.e., the polynomial B(s) =
bms

m + · · · + b1s + b0 is Hurwitz.
Assumption 4: There exist positive constants

Y0, Y 0, Ȳ0, Y1, Y2, . . . , Yρ satisfying max{Y 0, Ȳ0} ≤ Y0 such
that the reference signal yr(t) and its ρth order derivatives
are known and bounded, which satisfy −Y 0 ≤ yr(t) ≤ Ȳ0,
|ẏr(t)| < Y1, |ÿr(t)| < Y2, . . . , |y(ρ)

r (t)| < Yρ, ∀t ≥ 0.

Fig. 2. Schematic illustration of barrier functions.

Assuming that only the output signal y is measured, the
control objective is to drive the output y to track the given
reference signal yr(t) within a neighborhood of zero, while
keeping all of the signals in the closed-loop system bounded.

B. Function Approximation

In this brief, the following radial basis function NNs [9],
[17] is used to approximate the continuous function fi(y) :
R→ R:

fnni (y, θi) = φTi (y)θi (2)

where the input y ∈ �y ⊂ R; the weight vector θi =
[θi1, . . . , θili ]

T with the NN node number li; the vector of
smooth basis functions φi = [φi1, φi2, . . . , φili ]

T ∈ Rli ,
φij(y) being chosen as the commonly used Gaussian functions

φij(y) = exp
[−(y−µij)T (y−µij)

η2
i

]
, j = 1, 2, . . . , li, where µij is

the center of the receptive field and ηi is the width of the
Gaussian function.

It has been proven in [21] that network (2) can approximate
any smooth function over a compact set �y ⊂ R to arbitrarily
any accuracy as

fi(y, θi) = φTi (y)θ∗i + εi(y) (3)

where θ∗i are ideal constant weights, and the approximation
error εi(y) satisfies |εi(y)| ≤ ε∗i with constant ε∗i > 0 for all
y ∈ �y.

The ideal weight vector θ∗i , an “artificial” quantity required
for analytical purposes, is defined as the value of θi that
minimizes |εi(y)|, ∀y ∈ �y, that is

θ∗i = arg min
(θi)

[
sup
y∈�y

|φTi (y)θi − f (y)|
]
. (4)

C. Barrier Lyapunov Function

Definition 1: [25] A BLF is a scalar function V (x), defined
with respect to the system ẋ = f (x) on an open region D
containing the origin, that is continuous, positive definite, has
continuous first-order partial derivatives at every point of D,
has the property V (x) → ∞ as x approaches the boundary
of D, and satisfies V (x(t)) ≤ b ∀t ≥ 0 along the solution of
ẋ = f (x) for x(0) ∈ D and some positive constant b.

In this brief, the following BLF candidate considered in
[16], [25] is used throughout this brief:

V1 =
1

2
log

k2
b1

k2
b1

− z2
1

(5)
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Fig. 3. Output tracking performance.

where log(·) denotes the natural logarithm of ·, and kb1 the
constraint on z1, i.e., |z1| < kb1 . As seen from the schematic
illustration of V1(z1) in Fig. 2, the BLF escapes to infinity at
|z1| = kb1 . It can be shown that V1 is positive definite and C1

continuous in the set |z1| < kb1 , and thus, a valid Lyapunov
function candidate in the set |z1| < kb1 .

Lemma 1: For any positive constant kb1 , let Z1 := {z1 ∈
R : |z1| < kb1} ⊂ R and N := Rl × Z1 ⊂ Rl+1 be open sets.
Consider the system

η̇ = h(t, η) (6)

where η := [w, z1]T ∈ N is the state, and the function h :
R+ × N → R

l+1 is piecewise continuous in t and locally
Lipschitz in z1, uniformly in t, on R+ ×N . Suppose that there
exist continuously differentiable and positive definite functions
U : Rl → R+ and V1 : Z1 → R+, i = 1, . . . , n, such that

V1(z1) → ∞ as |z1| → kb1 (7)

γ1(‖w‖) ≤ U(w) ≤ γ2(‖w‖) (8)

with γ1 and γ2 as class K∞ functions. Let V (η) := V1(z1) +
U(w), and z1(0) ∈ Z1. If the inequality holds

V̇ =
∂V

∂η
h ≤ −µV + λ (9)

in the set η ∈ N and µ, λ are positive constants, then w
remains bounded and z1(t) ∈ Z1, ∀t ∈ [0,∞).
Proof: The proof is omitted here due to the limited space. In-
terested readers can follow the similar procedures of the proof
of Lemma 1 in [25].

Lemma 2: For any positive constant kb1 , the following
inequality holds for all z1 in the interval |z1| < kb1 :

log
k2
b1

k2
b1

− z2
1

<
z2

1

k2
b1

− z2
1

. (10)

Proof: The proof is omitted here due to the limited space.

III. State Estimation Filter and Observer Design

Since only the output signal y is measured, some filters
should be designed first, which will provide “virtual estimates”

of the unmeasured state variables x2, . . . , xn. Substituting (3)
into (1) and after some manipulations, we obtain that

ẋ = Ax + F 0(y) +
(y)θ∗ +�(y, t) +

[
0
b

]
u (11)

where

A =

⎡
⎢⎢⎢⎢⎢⎣

0 1 0 · · · 0
0 0 1 · · · 0
...

...
...

. . .
...

0 0 0 · · · 1
0 0 0 · · · 0

⎤
⎥⎥⎥⎥⎥⎦

∈ Rn×n

F 0(y) =

⎡
⎢⎣
f 0

1 (y)
...

f 0
n (y)

⎤
⎥⎦ ∈ Rn×1, θ∗ =

⎡
⎢⎣
θ∗1
...
θ∗n

⎤
⎥⎦ ∈ Rln×1


(y) =

⎡
⎢⎣

T1 (y)

...

Tn (y)

⎤
⎥⎦

=

⎡
⎢⎢⎢⎣

φT1 (y) 0 · · · 0
0 φT2 (y) · · · 0
...

...
. . .

...
0 0 · · · φTn (y)

⎤
⎥⎥⎥⎦ ∈ Rn×ln

�(y, t) =

⎡
⎢⎣
�1(y, t)

...
�n(y, t)

⎤
⎥⎦ =

⎡
⎢⎣
ε1(y) + d1(t)

...
εn(y) + dn(t)

⎤
⎥⎦ ∈ Rn×1

b =

⎡
⎢⎣
bm
...
b0

⎤
⎥⎦ ∈ R(m+1)×1. (12)

From Assumption 1 and (3), we know that |�i(y, t)| ≤ ε∗i +
d̄i < ψ, where ψ is an unknown bounding parameter and will
be estimated by ψ̂.

Choose the K-filters [12] as follows:

ξ̇ = A0ξ + ky + F 0(y) (13)

�̇ = A0� +
(y) (14)

λ̇ = A0λ + enu (15)

vi = Ai0λ, i = 0, 1, . . . , m (16)

where k = [k1, . . . , kn]T such that A0 = A − keT1 is Hurwitz,
Ai0 denotes the ith power of the matrix A0, and ei is the ith
coordinate vector in Rn.

By constructing the state estimates as follows:

x̂(t) = ξ +�θ∗ +
m∑
0

bivi. (17)

It is straightforward to verify that the dynamics of the obser-
vation error, x̃ = x− x̂, are given by

˙̃x = A0x̃ +�(y, t). (18)

Since A0 is Hurwitz, it can be shown that the error system
(18) with state x̃ is input state stable with respect to the term
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�(y, t). Furthermore, system (1) can be represented as

ẏ = bmvm,2 + ξ2 + f 0
1 (y) + �̄T� +�1(y, t) + x̃2

(19)

v̇m,i = vm,i+1 − kivm,1, i = 2, 3, . . . , ρ − 1 (20)

v̇m,ρ = vm,ρ+1 − kρvm,1 + u (21)

with � = [bm, . . . , b0, θ
∗T ]T , � = [vm,2, vm−1,2, . . . , v0,2, �2+


T1 ]T , and �̄ = [0, vm−1,2, . . . , v0,2, �2 + 
T1 ]T , where x̃2,
vi,2, ξ2, and �2 denote the second entries of x̃, vi, ξ, and
�, respectively, and y, vi, ξ, and � are all available signals.

IV. Adaptive Observer Backstepping Design

In this section, we present the adaptive control design
using the backstepping technique. Since adaptive backstepping
design is mature, we omit the details. Interested readers
are referred to [12]. Define the following error coordinates:
z1 = y − yr and zi = vm,i − αi−1 − �̂y(i−1)

r , i = 2, 3, . . . , ρ,
where �̂ is an estimate of � = 1

bm
and αi−1 is the stabilizing

functions to be designed.
For any initial compact set �0

y := {y ∈ R
∣∣∣|y| ≤ k0, k0 >

0} ⊂ R, which y(0) belongs to, we can always specify another
compact set �y := {y ∈ R

∣∣∣|y| ≤ kc1 , kc1 > k0 + Y0 + |yr(0)|} ⊂
R, which is a superset of �0

y and can be made as large as
desired. As long as the input variable of the NNs, y, remains
within this prefixed compact �y, the NN approximation is
valid. Borrowing the idea of the BLF-based control in [24],
[25], to design a control that does not drive y out of the interval
|y| < kc1 , we require that |z1| < kb1 with kb1 = kc1 − Y0 and
choose the following Lyapunov function candidates:

V1 =
1

2
log

k2
b1

k2
b1

− z2
1

+
1

2
�̃T�−1�̃ +

|bm|
2γ�

�̃2 +
1

2γψ
ψ̃2

+
1

2γ1
x̃T Px̃ (22)

Vi = Vi−1 +
1

2
z2
i +

1

2γi
x̃T Px̃, i = 2, . . . , ρ (23)

where �̃ = �− �̂, �̂ is the estimate of �, ψ̃ = ψ − ψ̂, � is
a positive definite design matrix, γ�, γψ, and γi are positive
design parameters, and P is a definite positive matrix such that
PA0 + AT0P = −I, P = PT > 0. The adaptive backstepping

control is designed as follows:

α1 = �̂

[
−c1z1 − ξ2 − f 0

1 (y) − �̄T �̂− γ1z1

k2
b1

− z2
1

−ψ̂ tanh

( z1

k2
b1

−z2
1

δ1

)]
(24)

α2 = − b̂mz1

k2
b1

− z2
1

− c2z2 + β2 +
∂α1

∂�̂
�τ2θ +

∂α1

∂ψ̂
γψτ2ψ

−ψ̂ ∂α1

∂y
tanh

(
z2
∂α1
∂y

δ2

)
− γ2

(∂α1

∂y

)2
z2 (25)

αi = −zi−1 − cizi + βi +
∂αi−1

∂�̂
�τiθ +

∂αi−1

∂ψ̂
γψτiψ

−ψ̂ ∂αi−1

∂y
tanh

(
zi
∂αi−1

∂y

δi

)
− γi

(∂αi−1

∂y

)2
zi

−
( i−1∑
k=2

zk
∂αk−1

∂�̂

)
�
∂αi−1

∂y
�

−
( i−1∑
k=2

zk
∂αk−1

∂ψ̂

)
γψ
∂αi−1

∂y
tanh

(
zi
∂αi−1

∂y

δi

)

i = 3, . . . , ρ (26)

βi =
∂αi−1

∂y

(
ξ2 + f 0

1 (y) +�T �̂
)

+ kivm,1

+
i−1∑
j=1

∂αi−1

∂y
(j−1)
r

y(j)
r + (

∂αi−1

∂�̂
+ y(i−1)

r ) ˙̂�

+
m+i−1∑
j=1

∂αi−1

∂λj
(−kjλ1 + λj+1) +

∂αi−1

∂ξ
(A0ξ

+ky +�(y)) +
∂αi−1

∂�
(A0�

T +
(y))

i = 2, . . . ρ (27)

˙̂� = −γ�
[

sign(bm)(ẏr + ᾱ1)
z1

k2
b1

− z2
1

+ σ��̂

]
(28)

τ1θ =
z1

k2
b1

− z2
1

[�− �̂(ẏr + ᾱ1)e1] − σθ�̂ (29)

τ1ψ =
z1

k2
b1

− z2
1

tanh

( z1

k2
b1

−z2
1

δ1

)
− σψψ̂ (30)

τiθ = τ(i−1)θ − zi ∂αi−1

∂y
�, i = 2, . . . , ρ (31)

τiψ = τ(i−1)ψ + zi
∂αi−1

∂y
tanh

(
zi
∂αi−1

∂y

δi

)

i = 2, . . . , ρ (32)

u = αρ − vm,ρ+1 + �̂y(ρ)
r (33)

˙̂� = �τρθ (34)
˙̂ψ = γψτρψ (35)

where ci and δi are positive design parameters.
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Fig. 4. (a) Tracking error z1. (b) Control input u.

Then, the derivative of Vρ is given by

V̇ρ ≤ − c1z
2
1

k2
b1

− z2
1

−
ρ∑
i=2

ciz
2
i − σθ

2
‖�̃‖2 − σψ

2
ψ̃2

−σ�
2

|bm|�̃2 −
ρ∑
i=1

1

4γi
x̃T x̃ +

σθ

2
‖�‖2 +

σψ

2
ψ2

+
σ�

2
|bm|�2 +

ρ∑
i=1

0.2785δiψ. (36)

Theorem 1: Consider the closed-loop system consisting of
the plant (1), filters (13)–(16), stabilizing functions (24)–(26),
control law (33), and adaptation laws (28) and (34), under
Assumptions 1–4. Then, for any initial compact set �0

y, which
y(0) belongs to:

1) there always exists a sufficiently large compact set �y,
such that y(t) ∈ �y, ∀t > 0;

2) all closed loop signals are bounded;
3) the output tracking error converges to a neighborhood of

zero, which can be made arbitrarily small by appropriate
selection of design parameters.

Proof:
1) According to Lemma 2, − k2

b1

k2
b1

−z2
1
< − log

k2
b1

k2
b1

−z2
1

in the

set |z1| < kb1 . Therefore, (36) can be further represented
as

V̇ρ ≤ −c1 log
k2
b1

k2
b1

− z2
1

−
ρ∑
i=2

ciz
2
i − σθ

2
‖�̃‖2

−σψ
2
ψ̃2 − σ�

2
|bm|�̃2 −

ρ∑
i=1

1

4γi
x̃T x̃ +

σθ

2
‖�‖2

+
σψ

2
ψ2 +

σ�

2
|bm|�2 +

ρ∑
i=1

0.2785δiψ

≤ −µ1Vρ + µ2 (37)

in the set |z1| < kb1 with µ1 = min{
2ci,

σθ
λmax(�−1) , σ�γ�, σψγψ,

1
2λmax(P)

}
and µ2 = σθ

2 ‖�‖2 +
σψ
2 ψ

2 + σ�
2 |bm|�2 +

∑ρ
i=1 0.2785δiψ.

We can rewrite the closed loop system consist-
ing of the plant (1), filters (13)–(16), stabilizing
functions (24)–(26), control law (33) and adapta-
tion laws (28), (34), as η̇ = h(t, η), where η =
[z̄Tn , �̃

T , �̃, ψ̃, x̃T ]T . Then, it can be shown that h(t, η)
satisfies the conditions in Lemma 1 for η ∈ � ={
z̄n ∈ Rn, �̃ ∈ Rln+m+1, �̃ ∈ R, ψ̃ ∈ R, x̃ ∈ Rn

∣∣∣
|z1| < kb1

}
. Since z1(0) = y(0) − yr(0), y(0) ≤ k0 in the

definition of�0
y and kc1 > k0+Y0+|yr(0)| in the definition

of �y, we obtain that |z1(0)| < kb1 . Therefore, we can
conclude that the set � is an invariant set. Together with
(37), we infer, from Lemma 1, that |z1(t)| < kb1 , ∀t > 0.
Since y(t) = z1(t) + yr(t) and |yr(t)| ≤ Y0 in Assumption
4, we obtain that |y(t)| ≤ |z1(t)|+ |yr(t)| < kb1 +Y0 = kc1 ,
∀t > 0. As such, we can conclude that for any initial
compact set �0

y, which y(0) belongs to, there always
exists a sufficiently large compact set �y, such that
y ∈ �y, ∀t > 0.

2) Let µ0 = µ2
µ1

, then (37) satisfies

0 ≤ Vρ(t) ≤ µ0 + (Vρ(0) − µ0)e−µ1t ≤ µ0 + Vρ(0). (38)

Therefore, from (23), we infer that z̄n, �̂, �̂, ψ̂, x̃ are
bounded. Since z1 and yr are bounded, y is also bounded.
Then, from (13) and (14), we conclude that ξ and � are
bounded as A0 is Hurwitz. Assumption 3 and (15) imply
that λ̄m+1 are bounded. It follows that:

vm,i = zi + �̂y(i−1)
r + αi−1(y, ξ,�, �̂, �̂, ψ̂,

λ̄m+i−1, ȳ
(i−2)
r ), i = 2, 3, . . . , ρ. (39)

For i = 2, the boundedness of λ̄m+1, along with the
boundedness of z2 and y, ξ,�, �̂, �̂, ψ̂, yr, ẏr, proves
that vm,2 is bounded. From (16), it follows that λm+2

is bounded. Following the same procedure recursively,
the boundedness of λ is established. Finally, from (17)
and the boundedness of ξ,�, λ, x̃, we conclude that x
is bounded. Furthermore, u(t) is bounded. Hence, all
closed loop signals are bounded.

3) From (23) and (38), we obtain that

1

2
log

k2
b1

k2
b1

− z2
1

≤ µ0 + (Vρ(0) − µ0)e−µ1t . (40)

Taking exponentials on both sides of (40) results in
k2
b1

k2
b1

− z2
1

≤ e2[µ0+(Vρ(0)−µ0)e−µ1 t ]. (41)

Since |z1(t)| < kb1 is obtained in (i), we have, that k2
b1

−
z2

1 > 0. Multiplying both sides by (k2
b1

− z2
1) and after

some manipulations lead to

|z1(t)| ≤ kb1

√
1 − e−2[µ0+(Vρ(0)−µ0)e−µ1 t ]. (42)

It follows that given any µ > kb1

√
1 − e−2µ0 , there exists

T such that for all t > T , |z1(t)| ≤ µ. As t → ∞,
|z1(t)| ≤ kb1

√
1 − e−2µ0 , which implies that

|y − yr| ≤ kb1

√
1 − e−2µ0 , as t → ∞. (43)

Due to µ0 = µ2
µ1

, and from the definitions of µ1 and µ2

(37), we see that y − yr can be made arbitrarily small
by appropriate selection of design parameters.
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Fig. 5. Output trajectories for different initial conditions.

V. Simulation Results

Consider a second-order output feedback system as follows:

ẋ1=x2 + (y3 − y)/(1 + y4) + 0.1 sin(0.1t)

ẋ2=y2 + sin(y) + 0.1 cos(0.1t) + u

y=x1 (44)

where x1, x2 are system states, y and u are the output and
input, respectively. The objective is for y to track the desired
trajectory yr, which is generated by a second-order filter yr =
[w2
n/(s

2 + 2ζwns + w2
n)]yref with wn = 1.5, ζ = 0.8, and for

yref defined to be a square wave of amplitude Y0 = 0.5, period
T = 20 s.

If the initial compact set is chosen as �0
y := {y ∈ R

∣∣∣|y| ≤
k0}, where k0 = 0.5, we can specify another compact set �y :=

{y ∈ R
∣∣∣|y| ≤ kc1}, where kc1 = 1.05 > k0 + Y0 + |yr(0)| = 1.0.

Thus, we have that kb1 = kc1 − A0 = 0.55.
The simulation results are shown in Figs. 3–5. Fig. 3 shows

the output tracking performance. It can be seen that the output
y remains within the compact set �y := {y ∈ R

∣∣∣|y| ≤ kc1}
and tracks the desired trajectory yr to a neighborhood of zero
when the proposed BLF-based control is used. The tracking
error z1 = y − yr and the control u are shown in Fig. 4. It
is noted that there are some spikes in the control signal u(t)
at t = nT/2(n = 1, 2, . . . ). This is caused by the nonlinear
term z1

k2
b1

−z2
1

in (24) and (25). For the square wave reference

signal yref , there are some jumps at t = nT/2(n = 1, 2, . . . ),
which result in peaks for the tracking error signal z1. Before
z1(t) approaches the barriers at z1 = ±0.55, the nonlinear term
z1

k2
b1

−z2
1

grows rapidly and leads to a large control effort that

prevents z1 from the barriers. It can be seen that z1 remains
in the set |z1| < kb1 in Fig. 4, and thus, |y| < kc1 , such that
NN approximation is valid. In addition, Fig. 5 shows output
trajectories for different initial conditions. It indicates that with
the proposed BLF-based control, the output y, starting from a
initial compact set �0

y := {y ∈ R
∣∣∣|y| ≤ k0}, can always stay

within the specified compact set �y := {y ∈ R
∣∣∣|y| ≤ kc1} for

all time, which ensures that NN approximation is valid.

VI. Conclusion

In this brief, adaptive observer backstepping using NN has
been presented for uncertain output feedback systems. The
BLF has been incorporated into Lyapunov synthesis to address
two open and challenging problems in the neuro-control area.
The present approach would provide both theoretical criteria
and practical insights for the design and implementation of
NN-based control. It could be considered as a supplement or
an improvement to the state of art in neuro-control field.

References

[1] F. C. Chen and H. K. Khalil, “Adaptive control of a class of nonlinear
discrete-time systems using neural networks,” IEEE Trans. Autom.
Contr., vol. 40, no. 5, pp. 791–801, May 1995.

[2] J. Y. Choi and J. A. Farrel, “Adaptive observer backstepping control
using neural networks,” IEEE Trans. Neural Netw., vol. 12, no. 5,
pp. 1103–1112, Sep. 2001.

[3] Z. Ding, “Adaptive stabilization of extended nonlinear output feedback
systems,” IEE Proc.-Contr. Theory Appl., vol. 148, no. 3, pp. 268–272,
May 2001.

[4] J. A. Farrel, “Stability and approximator convergence in nonparametric
nonlinear adaptive control,” IEEE Trans. Neural Netw., vol. 9, no. 5,
pp. 1008–1020, Sep. 1998.

[5] J. A. Farrell and M. M. Polycarpou, Adaptive Approximation Based
Control: Unifying Neural, Fuzzy and Traditional Adaptive Approxima-
tion Approaches. Hoboken, NJ: Wiley, 2006.

[6] S. S. Ge, C. C. Hang, and T. Zhang, “A direct method for robust adaptive
nonlinear control with guaranteed transient performance,” Syst. Contr.
Lett., vol. 37, no. 5, pp. 275–284, Aug. 1999.

[7] S. S. Ge, T. H. Lee, and C. J. Harris, Adaptive Neural Network
Control of Robotic Manipulators. River Edge, NJ: World Scientific,
1998.

[8] S. S. Ge and C. Wang, “Adaptive neural network control of uncertain
MIMO nonlinear systems,” IEEE Trans. Neural Netw., vol. 15, no. 3,
pp. 674–692, May 2004.

[9] S. Haykin, Neural Networks: A Comprehensive Foundation, 2nd ed.
Upper Saddle River, NJ: Prentice-Hall, 1999.

[10] N. Hovakimyan, F. Nardi, A. Calise, and K. Nakwan, “Adaptive output
feedback control of uncertain nonlinear systems using single-hidden-
layer neural networks,” IEEE Trans. Neural Netw., vol. 13, no. 6,
pp. 1420–1431, Nov. 2002.

[11] Y. H. Kim and F. L. Lewis, “Neural network output feedback control
of robot manipulators,” IEEE Trans. Robot. Autom., vol. 15, no. 2,
pp. 301–309, Apr. 1999.
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Marginalized Neural Network Mixtures
for Large-Scale Regression

Miguel Lázaro-Gredilla and Anı́bal R. Figueiras-Vidal, Senior
Member, IEEE

Abstract—For regression tasks, traditional neural networks
(NNs) have been superseded by Gaussian processes, which
provide probabilistic predictions (input-dependent error bars),
improved accuracy, and virtually no overfitting. Due to their
high computational cost, in scenarios with massive data sets, one
has to resort to sparse Gaussian processes, which strive to achieve
similar performance with much smaller computational effort. In
this context, we introduce a mixture of NNs with marginalized
output weights that can both provide probabilistic predictions
and improve on the performance of sparse Gaussian processes,
at the same computational cost. The effectiveness of this approach
is shown experimentally on some representative large data sets.

Index Terms—Bayesian models, Gaussian processes, large data
sets, multilayer perceptrons, regression.

I. Introduction

IN recent years there has been a growing interest in Gaus-
sian processes (GPs) as an alternative to neural networks

(NNs) for regression tasks. GPs offer important advantages.

1) They provide full posterior probability density estima-
tions. The posterior variance can be used to assess
each prediction’s uncertainty. Unlike traditional NNs,
this predictive variance is not constant and depends on
the test case being considered.

2) They use the “kernel trick,” which reduces the modeling
task to the selection of a moderate number of hyperpa-
rameters, which in turn reduces the risk of overfitting.
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3) For some kernels, GPs correspond to predictors with NN
structures in which all the weights have been integrated
out (see Section II-A); therefore, all possible weight
values are taken into account, in contrast to a single,
best performing set of parameters, which is the standard,
maximum likelihood form of work with NNs.

But all these advantages come at a cost: as we will see
in Section II, GP model selection takes O(n3) time (where n
is the number of training samples). Probabilistic predictions
can be made in O(n2) time each, after some precomputations
which take O(n3) time. This cubic and quadratic scaling ren-
ders GPs impractical for real world applications with massive
data sets, which are increasingly frequent.

To alleviate this problem, several approximations to
GPs have been proposed. The current state-of-the-art
approximation, denominated “sparse Gaussian processes
using pseudo-inputs,” was introduced in [10]. Later, it was
renamed to fully independent training conditional (FITC)
model in the unifying framework of [7]. This approximation
achieves near full-GP performance at a much reduced cost:
computing time is linear in n for learning and constant
(independent of n) for making probabilistic predictions. We
will review this approach in Section II-B.

In this brief, instead of simplifying a full GP, we try
to achieve the advantages of GPs the other way around,
applying Bayesian techniques to finite NNs: we marginalize
out some of the parameters of an NN (the output weights) and
then combine the predictions of several NNs. The resulting
algorithm, marginalized NN mixture (MNNmix) has roughly
the same computational cost as FITC. The idea of using priors
on NN weights has been around for long, but most approaches
do not marginalize them out analytically (see [6]).

The rest of the paper is organized as follows: In Section II,
we will be reviewing the relevant portion of GPs for regression
and their relation to infinite NNs and FITC. Marginalized NNs
are introduced in Section III, and Section IV explains how to
combine them. In Section V, we will test their performance on
some large data sets, comparing MNNmix results with those
provided by FITC and a full GP. Finally, we will provide a
concluding discussion in Section VI.

II. Review of Gaussian Process Regression

Assume that we are given a set of independent and iden-
tically distributed (i.i.d.) samples D ≡ {xj, yj|j = 1, . . . , n},
where each D-dimensional input xj is associated with a scalar
output yj . The regression task goal is, given a new input x∗,
to predict the corresponding output y∗ based on D.

The GP regression model assumes that the outputs can be
modeled as some noiseless latent function of the inputs plus
an independent noise

y = f (x) + ε,

and then sets a zero-mean1 GP prior on f (x) and a Gaussian

1It is customary to subtract the sample mean from data {yj}nj=1, which allows
assumption of a zero-mean model.
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